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I. INTRODUCTION
Conducting polymers have attracted great interest as binders and electrode materials in lithium-ion batteries (LIBs) 1-3 and supercapacitors. [4] [5] [6] One of the challenges that currently limit the applications of conducting polymers in energy storage is the long-term volumetric swelling/shrinking during electrochemical cycling, [7] [8] [9] which can cause structural degradation and poor cycle stability. 10 It is of paramount importance to investigate cycling-induced deformation of conducting polymers and develop the constitutive relationships to describe the cycling-induced deformation.
It is known that the cycling-induced swelling/shrinking of conducting polymers is dependent on ionic transport and similar to diffusion-induced stress, which has been observed in semiconductors, 11, 12 lithium-ion batteries 13, 14 and sodium-ion batteries. 15, 16 Most analyses of diffusion-induced stress have been based on the theories of linear elasticity, 11, 12, 17 large deformation, 18, 19 or finite strain [20] [21] [22] [23] [24] with the incorporation of diffusion-induced strain or reaction-induced strain [25] [26] [27] in the corresponding constitutive relationship. However, none of these studies have addressed the diffusion-induced stress in viscoelastic materials. Recently, Yang 28 pointed out the need to carefully investigate the diffusion-induced deformation of viscoelastic materials to optimize the performance of conducting polymers in energy storage and incorporated the diffusion-induced strain in the constitutive relationship.
Considering the applications of conducting polymers in energy storage and sensing technology, we analyze the diffusion-induced stress in a viscoelastic electrode under potentiostatic operation in this study. The viscoelastic electrode is composed of polypyrrole (PPy). In contrast to the quasi-static equilibrium used in most studies, the dynamic behavior of the electrode is analyzed in this work. Both the Kelvin model and standard model are used in the analysis.
II. MATHEMATICAL FORMULATION

A. General formulation
Considering diffusion-induced deformation in the theory of linear viscoelasticity, the equation of motion can be expressed as ARTICLE scitation.org/journal/adv
where σij are the components of the stress tensor, f j are the components of the body force, ρ is density, ui is the component of the displacement vector, the comma represents the derivative with respect to spatial variables, and the dot represents the derivative with respect to time. The convention of Einstein summation for repeated indices is used in Eq. (1). For a small deformation, the relationship between the components of strain tensor εij and the components ui of the displacement vector is εij
The constitutive relationship for the diffusion-induced stress in linear viscoelastic materials can be expressed as 28
where δij is the Kronecker delta, Ω is the molar volume of solute atoms (m 3 mol −1 ), and c is the concentration (mol m −3 ) of diffusing component (solute atoms). The operators of P and Q are
where a k and b k are material constants. According to the results reported by Yang, 12 the diffusion flux under the action of stress is
where Ji is the component of the diffusion flux, D (m 2 s -1 ) is the diffusion coefficient of the solute atoms in a stress-free solid, R is the gas constant, θ is the absolute temperature, and σ is the hydrostatic stress. Using the mass balance, the equation for mass transport under the action of hydrostatic stress can be expressed as 12
B. One-dimensional formulation
In the following analysis, we consider the problem of onedimensional diffusion-induced deformation, as shown in Fig. 1 , under potentiostatic operation. PPy, which is a viscoelastic material, is used as the electrode material. The origin of the coordinate system is on the left side of the polymer electrode, to which no traction is applied. The right side of the polymer electrode (x = l) is fixed and impermeable.
For the stress-free surfaces of |y|→∞ and |z|→∞, the hydrostatic stress is calculated as σ/3 where σ is the normal stress in the x direction. The motion equation without the body force, the diffusion equation and the diffusive flux are simplified as
For the Kelvin-Voigt model, Eq. (4) gives
where ε(x, t) is uniaxial strain, E is the elastic modulus and η is the viscosity. For the three-parameter solid model in Fig. 2 , Eq. (4) gives
where E 1 and E 2 are elastic moduli. Comparing with Eqs. (10) and (11), it can be seen that the three-parameter solid model will reduce to the Kelvin-Voigt model when
PPy is a non-Newtonian polymer. When c = 0, η of PPy at 25 ○ C as a function of strain is 16
Considering the effect of the diffusion-induced strain on η, Eq. (12) can be modified as 
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The boundary conditions of the deformation are u(l, t) = 0 and σ(0, t) = 0 (15) and the boundary conditions of the diffusion under potentiostatic operation are c(0, t) = c 0 and J(l, t) = 0
By introducing the following dimensionless variables,
Eq. (7) and (8) can be written as
The constitutive relationships in Eq. (10) and (11) in dimensionless form areσ
for the Kelvin-Voigt model, and σ +η 2
for the three-parameter solid model with A. Kelvin-Voigt model of PPy Figure 3a shows the spatial distribution of lithium in the PPy electrode at different lithiation times. The Li-concentration decreases with the decrease of the distance to the fixed surface at the same diffusion time, and the concentration gradually increases with the increase of the lithiation time. When the lithiation time approaches infinity, the concentration of lithium in the PPy electrode becomes uniform, as expected. Figure 3b depicts the spatial distributions of the displacement in the PPy electrode at different lithiation times. The PPy undergoes expansion with the traction-free surface moving in the direction opposite to the x direction. The traction-free surface has the maximum displacement magnitude. When the lithiation time approaches infinity, the displacement becomes a linear function of the spatial variables.
The spatial distributions of the strain in the PPy electrode at different lithiation times are depicted in Fig. 3c . At the same lithiation time, the strain decreases with decreasing distance to the fixed surface owing to the displacement constraint, as shown in Fig. 3b . At a fixed spatial position, the strain increases with lengthening lithiation time because of the continuous diffusion/migration of lithium into the PPy electrode and the diffusion-induced strain. The difference in the strain at two different spatial positions decreases with extending of the lithiation time, and the strain in the PPy electrode becomes independent of the spatial variables when the lithiation time approaches infinity, in agreement with the spatial distributions of the displacement provided in Fig. 3b . Figure 3d depicts the spatial distributions of the stress in the PPy electrode at different lithiation times. The stress increases with the decrease of the distance to the fixed surface at the same lithiation time, and the stress gradually decreases with the increase of the lithiation time. When the diffusion time approaches infinity, the stress in the PPy electrode becomes zero, as expected.
The temporal evolution of the stress at several positions of the PPy electrode is presented in Fig. 3e . The stress at each spatial position initially increases from zero to a finite value very quickly and then gradually decreases to zero for prolonged lithiation. Note that the temporal evolution of the stress is mainly caused by the inertial term in the equation of motion Eq. (1) or (7) . If the contribution of the inertial term in Eq. (1) or (7) is negligible, i.e., the characteristic time for the mechanical deformation of the PPy electrode is much shorter than the characteristic time for the diffusion/migration of lithium in the PPy electrode, the one-dimensional equilibrium equation (7) can be written as
which together with the boundary condition σ(0, t) = 0 gives σ(x, t) = 0 in the PPy electrode during the lithiation. It is the inertial term in the equation of motion that leads to the temporal evolution of the stress in the PPy electrode and the temporal evolution of the stress is similar to that of Ref. 31 .
B. Three-parameter solid model of PPy
Here, we assume that the viscoelastic behavior of the PPy electrode during lithiation can be described by the three-parameter solid model shown in Fig. 2 with E 1 = E 2 = E in the numerical analysis. Figure 4a depicts the spatial distributions of lithium in the PPY electrode at different diffusion times. Similar to the results obtained from the Kelvin-Voigt model, the Li concentration decreases with the decrease of the distance to the fixed surface at the same lithiation time, and the concentration gradually increases with the increase of the lithiation time. The difference in the lithium concentration between two different positions decreases with lengthening the lithiation time. When the lithiation time approaches infinity, the concentration of lithium in the PPy electrode becomes uniform, as expected. Figure 4b shows the spatial distributions of the displacement in the PPY electrode at different lithiation times. The PPy experiences expansion because of the diffusion-induced volumetric change, and the traction-free surface moves in the opposite x-direction. The traction-free surface has the maximum displacement magnitude, which is similar to the results obtained from the Kelvin-Voigt model. When the lithiation time approaches infinity, the displacement becomes a linear function of the spatial variables.
The spatial distributions of the strain in the PPy electrode at different lithiation times are depicted in Fig. 4c . At the same lithiation time, the strain decreases with decreasing the distance to the fixed surface, similar to the results obtained from the Kelvin-Voigt model. At a fixed spatial position, the strain increases with increasing the lithiation time. Such a result is controlled by the diffusion/migration of lithium into the PPy electrode and the diffusion-induced strain. Similar to the results obtained from the Kelvin-Voigt model, the difference in the strain at two different spatial positions decreases with lengthening lithiation time. In addition, the strain in the PPy electrode becomes independent of the spatial variables when the lithiation time approaches infinity, in agreement with the spatial distribution of the displacement presented in Fig. 4b . The spatial distributions of the stress at different lithiation times in the PPy electrode are depicted in Fig. 4d . At the same lithiation time, the stress decreases with the increase of the distance to the fixed end, similar to the results from the Kelvin-Voigt model. 5. (a) Variation of the strain with SOC at X = 1 4 , 1 2 , 3 4 , and 1 for the Kevin-Voigt model, (b) variation of the stress with SOC at X = 1 4 , 1 2 , 3 4 , and 1 for the Kevin-Voigt model, (c) variation of the strain with SOC at X = 1 4 , 1 2 , 3 4 , and 1 for the three-parameter solid model, (d) variation of the stress with SOC at X = 1 4 , 1 2 , 3 4 , and 1 for the three-parameter solid model.
The largest stress occurs at the fixed end. Extending the lithiation time leads to a decrease of the stress.
The temporal evolution of the stress at several positions (X = 1/4, 1/2, 3/4, and 1) of the PPy electrode is shown in Fig. 4e . Similar to the results from the Kelvin-Voigt model, the stress at each spatial position initially increases from zero to a finite value very quickly, and then gradually decreases to zero after prolonged lithiation. The inertial term in the equation of motion Eq. (1) or (7) mainly causes the stress to rise abruptly from the initial stress value (0). With the increasing of the diffusion time, diffusion will approach to the steady and the lithium ion concentration will be uniform distribution, which means that the stress will finally become a constant, and this constant should be zero by combining the boundary condition (Eq. (15)). Therefore, the stress will gradually decrease for the longer diffusion time and finally will approach zero at the fully lithiatied state.
The state of charge (SOC), an important parameter for the energy storage, is expressed as
The variations of the strain and stress with SOC at X = 1 4 , 1 2 , 3 4 , and 1 for both the Kevin-Voigt model and three-parameter solid model are presented in Fig. 5 . The strain increases with rising SOC for both models, consistent with the temporal evolution of the strain shown in Fig. 3 and 4 . The stress decreases with increasing SOC for both models because larger concentration leads to larger SOC for longer time and smaller stresses occurs with larger diffusion time which can be seen from Figs. 3(d) and 4(d) . There exist the similar trends and fewer differences in the spatiotemporal distribution of lithium and stress in the PPy electrode for these two constitutive relationships.
C. Comparisons
The comparisons of the concentration between the Kelvin model and three-parameter solid model are exhibited in Fig. 6a at different times. It can be seen that the concentrations in Kelvin model are larger than those in the three-parameter solid model at the same moment. This phenomenon is due to that the number of the springs in the three-parameter solid model is 1 more than that in Kelvin model, and this spring prevents more lithium ions into PPY electrode, and then leads to smaller concentration in the three-parameter solid model at the same time and the same position. Fig. 6b shows the comparisons of the stress in Kelvin model and in three-parameter model at different times. The stress in the three-parameter model is larger than that in the Kelvin model. The spring in the three-parameter solid model enlarges the deformation and results in larger stress. The comparisons of the Li ions concentration among pure diffusion, the Kelvin model and three-parameter solid model are made in Fig. 7 . It can be seen that the concentration in the Kelvin and three-parameter model is larger than that in pure diffusion at the same position and same time. Such results are due to stress-induced diffusion in the Kelvin and three-parameter model. However, the concentration in the three-parameter model is smaller than that of the Kelvin model because the spring prevents more lithium ions into PPY electrode in the three-parameter model. 
IV. SUMMARY
In this work, we have analyzed the transient, viscoelastic deformation of a one-dimensional PPy electrode induced by the diffusion of lithium under potentiostatic operation. The Kelvin and threeparameter solid model are used as two different viscoelastic models with the viscosity in which the viscosity is considered as a function of the strain rate. The numerical results reveal the important role of the inertial term in controlling the stress evolution in the electrode. At the onset of potentiostatic operation, the stress increased rapidly in the electrode, with the largest stress at the fixed end. The stress in the electrode decreases with lengthening lithiation time and approaches zero after prolonged lithiation. The electrode experiences expansion towards the traction-free surface. The largest displacement occurs at the traction-free end regardless of the constitutive relationships used, and the displacement becomes a linear function of the spatial variable after prolonged lithiation. Finally, the spatiotemporal distributions of lithium ion concentration and stress in the electrode are compared between Kelvin model and the three parameter model. The simulated results show that the lithium ion concentration in Kelvin-Viogt model is larger than that in the three-parameter solid model at the same moment, whereas the stress of Kelvin-Viogt model is smaller. This phenomenon is due to that more than one spring in the three-parameter solid prevents more lithium ions into PPY electrode, and enlarges the deformation and results in larger stress.
Currently, there are no experimental results of lithium-induced deformation of polymer electrode materials available in literature, since most works have been focused on advanced materials, including Sn and Sb, in improving the energy storage of lithium-ion batteries, and it is very difficult to in-situ measure the deformation of active materials used in lithium-ion batteries. To validate the analyses presented in this work, experimental work similar to lithiuminduced expansion of Si-islands should be designed and performed. The temporal change in the geometrical dimensions of polymer islands during charging and discharging needs to be measured to reveal the effect of lithiation and de-lithiation on the viscoelastic deformation of polymer.
